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It was proved implicitly by Ingleton and Main and explicitly by Lindstrom that if three lines
in the algebraic matroid consisting of all elements of an algebraically closed field are not coplanar,
but any two of them are, then they pass through one point. This theorem is extended to a more gene-
ral result about the intersection of subspaces in full algebraic matroids. This result is used to show
that the minimax theorem for matroid matching, proved for linear matroids by Lovasz, remains
valid for algebraic matroids.

0. Introduction

One of the sources of matroid theory was the observation of van der Waerden
in the second edition of his “Moderne Algebra” [9] that linear and algebraic indepen-
dence satisfy the same combinatorial “exchange rules”. It is surprising then that while
linear matroids have been studied to a very large extent, from geometric, combina-
torial as well as algorithmic point of view, very little is known about algebraic matroids.
Ingleton and Main [1] proved that non-algebraic matroids exist by showing that the
Vamos matroid was non-algebraic. Recently Lindstrom [3, 4] revived the subject
by settling several of the unsolved problems concerning algebraic representations of
matroids. Among others, he proved that the “non-Pappus” matroid in algebraic
but the “non-Desargucs”™ matroid is not.

An important tool in the study of linear matroids is the fact that they can be
embedded into the matroid formed by a/l elements in a linear (or projective) space.
The lattice of subspaces of this full linear space is modular. This fact compresses a
number of important geometric facts abont subspaces, such as “two lines in a plane
have a point is common”, “two planes in a rank 4 space have a line in common” etc.

For algebraic matroids, there also exists a natural notion of “fullness”: this
is the algebraic matroid formed by all elements of an algebraically closed field.
However, the lattice of algebraically closed subfields of such a field (i.e. the lattice
of flats of this matroid) is nof modular, and so we loose the nice geometric facts men-
tioned above. But some of the geometry can be salvaged. The following lemma,
which is implicit in the paper of Ingleton and Main [1], plays an important role in
the investigations of Lindstrém:
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Ingleton—Main Lemma. Let ey, e, and e; be three lines in a full algebraic
matroid. Suppose that ey, e, and ey are not coplanar but any two of them are. Then
e, ey and es have a point in common. J

In this paper we prove some generalizations of this property of full algebraic
matroids. Our main result (Theorem 1.2) says that any set of elements which are
in series In some set can be replaced by a single element which is still in the full
algebraic matroid.

Let # be a collection of lines in a matroid. We say that o is a matching if
r(UA#)=2|#| (equivalently, if choosing two non-parallel points from every line
in #, we obtain an independent set). The matroid marching problem is the following:
given any family & of lines in a matroid, find a largest subfamily forming a matching.
This problem contains a number of combinatorial optimization problems as special
cases, most notably the matching problem for graphs and the matroid intersection
problem (see e.g. Lovasz [6]). Unfortunately, this problem cannot, in general, be
solved in polynomial time (Jensen and Korte [2], Lovasz [8]).

However, in the special case when the underlying matroid is a full linear space,
a minimax formula (Lovasz [5]) as well as a polynomial-time algorithm (Lovasz
[7]) can be derived. The key property of full linear matroids used in these studies
turns out to be equivalent to one of the generalizations of the Ingleton-Main lemma.
Hence we can extend the min-max formula for matroid matching from linear to
algebraic matroids.

There are other classes of matroids which have a natural notion of “fuliness™.
We study complete graphs and full transversal matroids and show that a generalized
Ingleton—Main lemma remains valid for them too. This implies that the min—max
formula for matroid matching can also be extended; this illuminates why the matroid
matching problem has been found easier for graphic and transversal matroids
(Lovész [6]. Po Tong, Lawler and Vazirani [8]).

It is likely that the matroid matching algorithin can also be extended to al-
gebraic matroids. This, however, requires a more thorough study of algorithmic
aspects of algebraic matroids: how are they given and how are basic operations, like
testing for algebraic independence, carricd out? We do not go into the details of these
interesting questions in this paper.

Acknowledgement. The authors are grateful to the referee for pointing out an error
in an earlier version and for suggesting several improvements.

1. The generalized Ingleton—Main lemma

Let F and K be two fields such that F— K. Assume that F and K are algebrai-
cally closed and K has finite transcendence degree over F. Then those subfields of K
which are algebraically closed and contain F form the flats of a matroid. A set
AZK is independent in this matroid if and only if its elements are algebraically
independent over F. We call this matroid the full algebraic matroid A(K[F). Adopt-
ing the usual language of matroid theory, flats (i.e. algebraically closed subfields)
of transcendence degree 1 are called points, flats of transcendence degree 2 are called
lines etc.
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A matroid which is isomorphic to a restriction of A(K/F) is called algebraic
over F.

We denote by clp (X) the algebraic closure of F[X], and by trz (X) or simply
tr (X) the transcendence degree of X over F.

Next we need some discussion of the representation of algebraic matroids.
The usual definition is that for any matroid (E;r), an algebraic representation in
the field K over the field F is a mapping 4:E—K such that #(X)=tr(6(X)) for
every XCE.

At a first glance, this representation cannot even be described in finite space.
But we may observe the following. The mapping 8 induces a homomorphism of the
polynomial ring F[X.:c€E] into K (over F), and hence it can be described by its
kernel, which is a polynomial ideal 7;.

Let us introduce the following notation: if A={a,, ...,a,}S E then we sct
X=X, ..., X,). Then

M ={4 S E: L,NF[X,] = {0}

is isomorphic to the algebraic matroid defined by é. Since according to Hilbert, this
ideal can always be described by a finite number of generators, this yields a finite
description of an algebraic matroid. In fact, to define the matroid it suffices to
specify, for each circuit C, a polynomial p€7; N F{X,]. If we replace {; by the ideal
generated by the polynomials p¢ in the formula for .# above, then we obtain the same
matroid. This description of the matroid still uses exponentially many polynomials.
It can be argued that O(JE]) polynomials already define (E, .#); but we do not go
into the details of this.

Note that the polynomial pe can be chosen irreducible over F. We shall it
the polynomial associated with c. The next lemma describes all circuits with a given
associated polynomial.

Lemma 1.0. Ler pe FIX,, ..., X,] be irreducible over I and let 6y, ....0,¢ K such
that p(y, ....8)=0 and tr{d,,...8)=k—1. Suppose that each x; occurs in p
explicitly. Then {6y, ..., 8} is a circuit in /(K| F).

Proof. Since tr{d,, ..., & }=k—1, it follows by elementary matroid theory that
{6y, .... 8} contains a unique circuit, say {5,....,,}. We want to show that r=k.
Suppose not. Let g€ F[X,, ..., X,] be an irreducible polynomial associated with
the circuit {6,, ..., d,}. Consider the polynomials p'=plc s, . .« =5 €K[X;] and
4" =qlx,—s,,...x,~s, K[ X,]. Since d,, ..., o, are algebraically independent, it follows
that p” and ¢’ are irreducible over F(5,, ..., &) (cf. Van der Waerden [9]). But p’
and ¢’ have the root x,=48, in common, and hence thereis a 1€ F(d,, ..., §,) such
that p'=Jlg’. Write

_ Su 8
) g2, -5 0

where £, g€ FIX,, ..., X,], then g(d., ...,0)p'=f(8,, .... 6,)¢". Since Js, ..., J, are
algebraically independent, this vields g-p=/-g. Since p is irreducible, it follows
that p|f or plg. But f foes not depend on X, so plg. Similarly ¢[p, and hence p=
=ug(ue F) and r=k. This proves the lemma. |
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Note that we also have shown the following.
Lemma 1.1. The polynomial associated with a circuit is essentially unique.

Next we discuss some preliminaries from matroid theory. Let (£, ) be a mat-
roid (r is the rank function). A set ACE is called a double circuit if r(4A)=|A4|—2
and r(A—a)=|A—a|—1=|A|-2 foreach acA4. (Compare this notion with circuits:
a circuit is a set ASE such that r(A)=|A|—1 and r(Ad—a)=|A—a|=[A4]—1
for each a€ A.) Double circuits have a rather simple structure, as described by the
following lemma.

Lemma 1.2. If A is a double circuit in a matroid (E, r), then A has a partition A=
=A;U...UA, such that A— A4; is a circuit for i=1, ..., k, and thesc are all the cir-
cuits contained in A.

Proof. Assume without loss of generality that E=A and then consider the dual
matroid. Clearly, this is a line without loops. Let 4,, ..., 4, be the poinis of this
line; then {4, ..., 4} is a partition of 4. It also follows that A4,, ..., 4, are the hyper-
planes of the dual matroid, so E— A4, ..., E— A, are the cocircuits of the dual matroid
and hence they are the circuits of the original matroid. |}

We call the number & of classes in the Lemma the degree of the double circuit.
A double circuit of degree 2 is the direct sum of two circuits. In a graphic matroid,
a double circuit of degree 3 corresponds to a ©-graph. In a graphic (in fact, a
binary) matroid, no double circuit has degree more then 3.

We need one more definition from matroid theory. Let (E, #) be a matroid,
and SC AC E. We say that S is in series in A if contracting A— S, the set S becomes
a circuit. Note that in this case, if a circuit in 4 contains one element of S, then it
contains all.

We next prove the main theorem of this paper, which establishes those combi-
natorial properties of algebraic matroids which will be used in the sequel.

Theorem 1.3. The serics reduction theorem. Ler FCT K be two algebraically closed
Sfields and SC AC K such that A is finite and S is in series in A in the matriod /(K| F).
Then there exists a BEK such that for each TS A—S, the set TU{B} is independent
if and only if TUS is independent, or, equivalently, TU{B} is a circuit iff TUS
is a circuit.

Proof. If S is a circuit then f=0 satisfies the requirements, so we may assume that
this is not the case.

Let F'=clz(A—S). Then «(K/F") arises from «/(K/F) by contracting the
elements of 4— S (but leaving them there as loops). Hence S is a circuit in «Z(K/F”)
and so there is an irreducible polynomial p€ F'[X,] such that ply _s=0. We may
assume that at least one coeflicient of p is 1. Let L denote the algebraically closed
field generated by the coefficients of p.

Claim. Let TEA—-S. Then trp (SUT)<try (T)+|S| if and only if LZclp(T).

Proof. For, assume first that trp (SUT)<trp (7)+1S|. Then S is dependent over
cl; (T), and hence there exists and irreducible polynomial g¢cly (T)[Xs] such that
glxs=s=0. Now ¢ remains irreducible over every extension field of clz (7)), so
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in particular it is irreducible over F’. Hence by Lemma 1.1, g=/p for some A¢F’.
Considering the coefficient of p which is 1, we have A¢clp(T) and hence LEclp(T).

Conversely, assume that LS clp(T). Then p shows that S is algebraically
dependent over clg(7T), and hence

trch(T)(S) = r(SUT)’—r(T) - ISI.
This proves the Claim.

Now L is an infinite field and so it cannot be covered by finitely many proper
subfields. So there exists a f€ L which is not contained in any field clp (T) such
that LTl (T), i.e. such that trp(SUT)=trp (T)+(S]. For this # and any set
TS A—S, Becl (T) if and only if trp (SUT)<trz(T)+]S]. So TUS is indepen-
dent if and only if TU{f} is independent. [

Corollary 1.4. Let FE K be algebraically closed fields and let AC K be a double
circuit of degree k in s¢(K|F). Then

trp(M{clp(C): C is a circuit in 4}) = k—2.

In particular, if k=3 then is an element 3¢ K— F such that § is contained in
the algebraic closure of every circuit in A.

To get the Ingleton—Main Lemma from this theorem, choose two points
from each of e,, e, and e;, to get a double circuit 4. Then Theorem 1.3. says that
there is an element 6€ K— F such that ¢ is contained in all three planes spanned by
e, and ey, e; and e; and ¢, and e;, respectively. It is easy to see that § is then contained
in each of e,, ¢, and ¢;.

Proof of Corollary 1.4. Consider the partition A=A,U...U4, as in Lemma 1.2.
We have k=3 by hypothesis. If |4;/=1 for all 1=i=k then clz(C)24 for each
circuit C in A4 and hence the assertion is obvious. Suppose that, say, |4,/=2. Now
A, 1s in series in 4 and hence by the Series Reduction Theorem, there is an element
pe K suchthat foreach 7€ A— 4, theset TU {B} is acircuit iff TUA, is a circuit.
Hence A'=(A—A)U{p} is also a double circmit of degree k. But then, by induc-
tion on |A4|, we may assume that

tre(N{clz(C"): C’ is a circuit in A"}) = k—2.

However, there is a bijection between circuit in 4 and circuits in A’ such that if C
is a circuit in 4 and C” is the corresponding circuit in A’, then ¢l(C)2cl(C’).
Hence

tre (N{clz(C): C is a circuit in A}) = k—2. |

We have mentioned that the rank function of a full algebraic matroid is not
in general modular of the flats (algebraically closed subfields). Hence the inter-
section UNV of two flats U and V looses some of the properties it enjoys in full
linear matroids. The following result shows that a certain “quasi-intersection” can be
defined which simulates UV in a sense.

Theorem 1.5. Let o/(K/F) be a full algebraic matroid of finite rank and U and V,
two flats in (K| F). Then there exists a flat T=T(U,V)S U such that for each flat
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WCEU, wehave TEW if and only if
WUV Y—r(W) = r(UUV)—r(U).

Remark. Notc that in general T(U, V)L V. In fact, T(U,V)SV if and only if
the rank function is modular on the pair U, ¥, in which case T(U,V)=UNV.
The property of 7 stated in the theorem is also equivalent to the following: for
each flat W C U,

r(VUW)Y—r (V) =r(VUTUW)—r(V UT).

Proof. Let Bbeany basis of ¥, and let Cy, ..., C,, be the circuits of &/(K/U) contained
in B. For each C;, let p,€ U[X(] be an irreducible polynomial such that pilix. —¢,=
=0. Also assume that p; has at least one coefficient which is equal to 1. Let T(U, V)
be the algebraically closed field generated by the ccefficients of p;, ..., p,,. The proof
that this choice of T(U, V') satisfies the requirements in the theorcm is a straight-
forward extension of the proof of the Claim in Theorem 1.3. |

If we have any matroid in which
(1) no flat is the union of finitely many proper subflats;
(i1} the assertion of Theorem 1.5 holds,

then also the series reduction theorem holds.

2. Matroid matching and fullness of matroids

Let (E, r) be a matrotd and let # be any family of lines in (£, r). We shall
write, for brevity, r(#) instead of »(U.#). We say that J# is a marching of lines if
r(H)=21#|. We say that o is a circuit of lines if r(3)=2|4|—1 but r(# —e)=
=2|# —¢| for every ecs'. We say that # is a double circuit of lines if r(#)=
=2|#|—2 but r(# —e)=2|#—e|—1 for every ecs#.

Two coplanar lines form a circuit of lines. Three lines which arc not coplanar
but any two of which are coplanar form a double circuit of lines.

If 5 is a matching and we choose two independent elements from each line
in 3, then the elements chosen are independent in the matroid. If 3 is a circuit of
lines, and we choose two independent elements from each line in #, then the elements
chosen form a set H with #(H)=|H|—1. (If 2 consists of two lines intersecting in a
point and the common point is chosen from both lines then we assume that this
element occurs with multiplicity larger than one, and that different elements of the
intersection point of the two lines are chosen as representatives). Hence H contains
a unique circuit C. It is clear that C contains at least one point from each of the
lines.

If 5 is a double circuit of lines, and we choose two independent elements
from each line in ##, then the set H of elements chosen satisfies r(H)=2|H|—2.
Hence in contains a unique double circuit 4. Let 4=4,U...UUA4, be the canonical
partition of this double circuit. It is easy to see that each line in # contains at least
one point from A, but if it contains two then these belong to the same class 4;.
Hence #,={e€ A : ¢MNA;#0} defines a partition #=#,U...UH#, of #. The
sets o — H#; are circuits of lines. We call o wrivial if k=2 and nontrivial if k=3.
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The matroid matching problem is the following: given a family s# of lines in
a matroid (F, r), find a maximum cardinality subfamily which forms a matching.
In (Lovasz [5]) the following was proved: if v(o#) denotes the maximum cardinality
of a matching in #, if ACE is any flat in (E, r) and {#y, ..., H;} Is any partition
of #, then

Let ¥(2#) denote the minimum of the right hand side here, taken over all flats 4 and
all partitions {3, ..., #,} of #. We do not always have v(#)=v(#); for example,
let 2# consist of all lines in an affine space parallel to a given line. But if we embed
the affine space into a projective space by adding elements at infinity, then the choice
A= {common point at infinity of the given lines} and {s#, ..., #,}= {partition of
S into singletons} gives equality in (% ). We do not know whether every matroid can
be embedded into one in which v(#)=v(3#) for a given family 5 of lines in the
original matroid.

In [S5] it was proved that v(#)=v(#’) holds for any family of lines in a projec-
tive space. The somewhat more transparent proof in [6] in fact shows more:

Theorem 2.1. If for every contraction (E, ¥') of (E, r), and for every non-trivial double
circuit @ of lines in (E, ¥') there is a point p€E’ which is contained in the closure of
every circuit €S G, then v(#H)=v(H) for every collection # of lines in (E,r). |

We have mentioned several properties of matroids which all are connected
to “fullness” in some sense. Let us introduce them formally.

Let us say that a matroid (£, r) has the series reduction property if for ali
SE€ AC E such that A is finite and S is in series in A, there is an element fcE
such that for each T€A4— S, the set TUS is a circuit iff TU{B} is a circuit. We
shall also need weaker versions of this property: we say that (F, r) has the weak
series reduction property if the above holds for all S€ AC E such that in addition
A— 8§ induces a connected matroid. We have proved that full algebraic matroids
have the series reduction property. The polygon matroid of a complete graph,
with all edges with infinite multiplicity, on the other hand, has the weak series re-
duction property but not the stronger one. In fact, if S consists of two edges which
form a cut in A4 but are not consecutive, then no f with the desired properties exists.
(We shall call the polygon matroid of a complete graph with all edges with infinite
multiplicity a full graphic matroid.)

The linear independence matroid of a linear space over a skew field, which
we call a full linear matroid, also has the series reduction property, even in the stron-
ger sense. This follows easily from the fact that its flat {attice is modular.

We mention one more matroid with the weak series reduction property. Let
V be a finite set and let E consists of infinitely many copies of each subset of V.
Define a matroid on E by letting a set XS E be independent iff X has a system of
distinct representatives. Note that this is a transversal matroid; we have, however,
interchanged “sets” and “elements” relative to the usual definition. We call the
resulting matroid (E, r) the full transversal matroid of rank |S|.
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Lemma 2.2. Every full transversal matroid has the weak series reduction property.

Proof. Let us remark first that the rank function of a transversal matroid as defined
above is given by the well-known formula

(1) r(A) = min {|UX|+]4—X]}

If A has no coloop, i.e. if r(A—x)=r(4) for all xc A4 then we in fact have
2 r(d) = |UAl;

for, if X is the set providing the minimum in (1) and X= A then for any x€A—X
we have
r(A—x) = |UX|+|4A—x-X] =r(4)-1,

i.e. x is a coloop of 4.
Now let SSACE, Sin series in 4 and 4— S connected. Then by (2),

[UA| = r(4)
and
lUMA-=S)] =r(4-39).

Since S is in series in A, we have
[S|—1L =r(A)—r{4-8) = |UA4|-{UUA-5)] = |US—UA-5).

Let Be(U(4—S)N(US). We claim that B satisfies the requirements of the series
reduction property. For, let TS A—S and assume that TUS is a circuit. Then
by (2) again,

[UTUS) =r(TUS)=|TUS|-L
On the other hand,

[U@US) = |US—-BI+IUT| = |S|-1+|T| = |TUS|-1.
Hence |UT|=|T| and BEUT. So |U(TU{B]|=IUT|=|T|=|TU{B} 1. ie.
TU{B} is dependent. On the other hand, if T'c T then SUT’ is independent
and hence |U(SUT")|=|S|+|T’|. But we have

[USUT) = US-BI+I(UTHUB| = ST -1+ [(UTHU|
T"U{B)-

and so

(UTHUB = |T'|+1 =

This proves that TU {B} is a circuit.
The converse implication follows by the same argument as vsed in the proof
of Theorem 1.3. |

Let us say that a matroid (£, r) has the double circuit property if for every
double circnit A4S E of degree k, there are k—2 independent points py, ..., pr_s
in E contained in the closure of each circuit in A.

We say that (E, r) has the matching property if v(#)=v(3#) holds for every
collection # of lines in (E, »).
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Lemma 2.3. The weak and strong series reduction properties, and the double circuit
property are preserved under contraction. ||

The proof is routine and is omitted.
Then we can easily prove the following theorem.

Theorem 2.4.
(a) If a matroid has the weak series reduction property, then it has the double
circuit property.
(b) If a matroid has the double circuit property, then it has the matching pro-
perty.

Proof. (a). This follows by the same proof as Corollary 1.4.

(b) It suffices to show, by Theorem 2.1, that if & is any non-trivial double
circuit of lines in a matroid (F, r) with the double cirucit property, then there exists
an element contained in the closure of every circuit of lines in 4. Let us choose two
independent elements from each line in & and let A be the unique double circuit
contained in the set of elements chosen. Since 2 is non-trivial, 4 has degree k=3
and hence by the double circuit property, there is a point p in (E, r) contained in the
closure of each circuit in 4. But the closure of each circuit in 2 contains a circuit
in 4 and hence also contains p.

Corollary 2.5. Full algebraic matroids, full linear matroids, full graphic matroids and
full transversal matroids have the matching property. |

Let us remark that the fact that the matroid matching problem can be solved
easier for graphic and transversal matroids was noted earlier (Lovasz [6], Po Tong,
Lawler and Vazirani [8]). Both of these classes are of course representable over, say,
the rational field as linear matroids. This means that they can be embedded in a full
linear matroid, which has the matching property and hence a min—max formula
for the maximum size of a matching can be derived. This, however, involves a linear
subspace ranging through all linear subspaces of the full linear matroid. The preced-
ing corollary says that we may restrict ourselves to subspaces of the full graphic and
transversal matroid, respectively.

We conclude with couching the matroid matching theorem for algebraic
matroids in a more algebraic form.

Corollary 2.6. Let FS K be two fields and let «y, B, ..., %,, B, be elements in K such
that trg{o;, i} =2 for all i. Then the maximum number of pairs («;, p;) whose union
is algebraically independent over F is given by the minimum of the expression

tre(F’) +j§; ljl tre- (U {{aia Bi}: i€ Ij})]

where F’ ranges over all extensions of F in K and {I,, ..., 1.}, over all partitions of

{1,....0}. 1
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