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It was proved implicitly by Ingleton and Main and explicitly by LindstriSm that if thrce lines 
in the algebraic matroid consisting of all elements of an algebraically closed field are not coplanar, 
but any two of them are, then they pass through one point. This theorem is extended to a more gene- 
ral result about the intersection of subspaces in full algebraic matroids. This resutt is used to show 
that the minimax theorem for matroid matching, proved for linear matroids by Lovgsz, remains 
valid for algebraic matroids. 

0. Introduction 

One of the sources of  matroid theory was the observation of  van der Waerden 
in the second edition of  his "Moderne Algebra" [9] that linear and algebraic indepen- 
dence satisfy the same combinatorial "exchange rules". It is surprising then that while 
linear matroids have been studied to a very large extent, from geometric, combina- 
torial as well as algorithmic point of  view, very little is known about algebraic matroids. 
Ingleton and Main [1] proved that non-algebraic matroids exist by showing that the 
Vamos matroid was non-algebraic. Recently Lindstr6m [3, 4] revived the subject 
by settling several of  the unsolved problems concerning algebraic representations of  
matroids. Among others, he proved that the "non-Pappus" matroid in algebraic 
but the "non-Desargues" matroid is not. 

An important tool in the study of linear matroids is the fact that they can be 
embedded into the matroid formed by al l  elements in a linear (or projective) space. 
The lattice of  subspaces of  this full linear space is modular .  Ih i s  fact compresses a 
number  of  important geometric facts about subspaces, such as "two lines in a plane 
have a point is common",  "two planes in a rank 4 space have a line in common" etc. 

For  algebraic matroids, there also exists a natural notion of  "fullness": this 
is the algebraic matroid formed by all elements of  an algebraically closed field. 
However, the lattice of  algebraically closed subfields of  such a field (i.e. the lattice 
of  flats of  this matroid) is not  modular,  and so we loose the nice geometric facts men- 
tioned above. But some of  the geometry can be salvaged. The following lemma, 
which is inrplicit in the paper of  Ingleton and Main [1], plays an important role in 
the investigations of  Lindstr6m: 

AMS subject classification (1980): 05 B 35 
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Ingleton--Main Lemma. Let el, e2 and e3 be three lines in a fu l l  algebraic 
matroid. Suppose that et , e2 and ea are not coplanar but any two o f  them are. Then 
el, e2 and e3 have a point in conrmon. 1 

In this paper we prove some generalizations of this property of  full algebraic 
matroids. Our main result (Theorem 1.2) says that any set of elements which are 
in series in some set can be replaced by a single element which is still fin the full 
algebraic matroid. 

Let -.;/to be a collection of  lines in a matroid. We say that Yt" is a matching if 
r(CJ.~)=2[,;/t°l (equivalently, if choosing two non-parallel points from every line 
in ~f, we obtain an independent set). The matroid matching problem is the following: 
given any family ,~  of lines in a matroid, find a largest subfamily forming a matching. 
This problem contains a number of  combinatorial optimization problems as special 
cases, most notably the matching problem for graphs and the matroid intersection 
problem (see e.g. Lovfisz [6]). Unfortunately, this problem cannot, in general, be 
solved in polynomial time (Jensen and Korte [2], Lovfisz [8]). 

However, in the special case when the underlying matroid is a full linear space, 
a minimax formula (Lovtisz [5]) as well as a polynomial-time algorithm (Lovfisz 
[7]) can be derived, q-he key property of full linear matroids used in these ';tudies 
turns out to be equivalent to one of  the generalizations of the Ingleton-Main lemma. 
Hence we can extend the rain-max formula for matroid matching from linear to 
algebraic matroids. 

There are other classes of  matroids which have a natural notion of "'fullness". 
We study complete graphs and full transversal matroids and show that a generalized 
Ingleton--Main lemma remains valid for them too. q-his implies that the rain--max 
formula for matroid matching can also be extended; this illuminates why the matroid 
matching problem has been found easier for graphic and transversal matroids 
(Lovfisz [61, Po Tong, Lawler and Vazirani [8]). 

It is likely that the matroid matching algorithm can also be extended to al- 
gebraic matroids. This, however, requires a more thorough study of  algorithmic 
aspects of  algebraic matroids: how are they given and how are basic operations, like 
testing for algebraic independence, carried out'? We do not go into the details of  these 
interesting questions in this paper. 

Acknowledgement. The authors are grateful to the referee for pointing out an error 
in an earlier version and tbr suggesting several improvements. 

1. The generalized Ingleton--Main lemma 

Let F and K be two fields such that F c  K. Assume that F and K are algebrai- 
cally closed and K has finite transcendence degree over F. Then those subfields of  K 
which are algebraically closed and contain F form the flats of  a matroid. A set 
A C=K is independent in this matroid if and only if its elements are algebraically 
independent over F. We call this matroid the ful l  algebraic matroid A(K/F).  Adopt- 
ing the usual language of  matroid theory, flats (i.e. algebraically closed subfields) 
of  transcendence degree 1 are called points, flats of transcendence degree 2 are called 
lines etc. 
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A matroid which is isomorphic to a restriction of  A (K/F) is called algebraic 
ocer F. 

We denote by clr (X) the  algebraic closure of F[X], and by t r y ( X ) o r  simply 
tr (X) the transcendence degree of  X over F. 

Next we need some discussion of the representation of algebraic matroids. 
The usual definition is that for any matroid (E; r), an algebraic representation in 
the field K over the field F is a mapping h : E + K  such that r (X)=tr (a(X) )  for 
every XC=E. 

At a first glance, this representation cannot even be described in finite space. 
But we may observe the following. The mapping 6 induces a homomorphism of the 
polynomial ring F[X~:cCE] into K (over F), and hence it can be described by its 
kernel, which is a polynomial ideal 1~. 

Let us introduce the following notation: if A =  {a~ . . . . .  ak}C=E then we set 
Xa= (X~,, .... X~). ~Ihen 

{ a  E: I C FIXAI = {0}} 

is isomorphic to the algebraic matroid defined by 6. Since according to Hilbert, this 
ideal can always be described by a finite number of  generators, this yields a finite 
description of  an algebraic matroid. In t~act, to define the matroid it suffices to 
specify, for each circuit C, a polynomial pcC, IaN F[Xc]. If  we replace la by the ideal 
generated by the polynomials Pc in the for|nula for o,Y above, then we obtain the same 
matroid. This description of  the matroid still uses exponentially many polynomials. 
It can be argued that OOEI) polynomials already define (E, JL); but we do not go 
into the details of  this. 

Note that the polynomial Pc can be chosen irreducible over F. We shall it 
the polynomial associated with c. "lhe next le|nnaa describes all circuits with a given 
associated polynomial. 

Lemma 1.0. Let pc F[X1, ..., Xk] be irreducible orer F and let 6~, ..., (5~, c- K such 
that p(61 . . . . .  6k)=0 and tr{6~ . . . . .  6k}=k-- 1. Suppose that each xi occurs in p 
e,xplicitly. Then {6~ . . . . .  6k} is a circuit in aC(K/F). 

Proof. Since tr{6~,. . . ,  6 g } = k - l ,  it follows by elementary matroid theory that 
{6~, ..., 6k} contains a unique circuit, say {61 . . . .  ,6~}. We wanl to show that r=k .  
Suppose not. Let qCF[X~ . . . . .  X~] be an irreducible polynomial associated with 
the a rcmt  {6~ . . . . .  6~}. Consider the polwmnaml." p =PI.~ =~ .,- =a, CK[X~] and 

t • " " . • | • " 

q =q[x==a ....... =a ~K[J~]. S|nce 6.,, ..., 6k are algebImcaLy independent, xt follows 
that p '  and q' are irreducible over F(& . . . . .  at,) (cf. Van der Waerden [9]). But p'  
and q' have the root x~= 6, in common, and hence there is a 2(F(&, . . . .  ,6~) such 
that p'=Zq' .  Write 

2 -- .f(6e . . . . .  ~Sk) 
g(&,, . . . ,  ' 

where .f, gff F[X2, ..., X,,], then g(6~, ..., 61,)p'=f(6., . . . . .  rSk)q ' .  Since 6,., . . . . .  6k are 
algebraically independent, this yields g . p = f . q .  Since p is irreducible, it follows 
that p] f  or p[q. But f foes not depend on 3;'~ so p[q. Similarly qIp, and hence p =  
=~q(FICF) and r = k .  This proves the lemma. | 
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Note that we also have shown the following. 

Lemma 1.1. The polynomial associated with a circuit is essentially unique. | 

Next we discuss some preliminaries from matroid theory. Let (E, r) be a mat- 
roid (r is the rank function). A set A C E  is called a double circuit if  r ( A ) = I A [ - 2  
and r ( A -  a) = I A -  a [ -  1 = [At - 2 for each a(- A. (Compare this notion with circuits : 
a circuit is a set A ~ E  such that r ( A ) = I A I - 1  and r ( A - a ) = l A - a l = [ A [ - 1  
for each aC_A.) Double circuits have a rather simple structure, as described by the 
following lemma. 

Lemma 1.2. I f  A is a double circuit in a matroid (E, r), then A has a partition A = 
=A~© ... U A k such that A -  Ai is a circuit for i= 1 . . . . .  k, and these are all the cir- 
cuits contained in A. 

Proof. Assume without loss of  generality that E = A  and then consider the dual 
matroid. Clearly, this is a line without loops. Let A1, ..., Ak be the points of  this 
line; then {A, . . . . .  Ak} is a partition of A. It also follows that A1 . . . . .  A k are the hyper- 
planes of  the dual matroid, so E - A ~  . . . . .  E - - A  k are the cocircuits of  the dual matroid 
and hence they are the circuits of  the original matroid. | 

We call the number k of  classes in the Lemma the &,gree of  the double circuit. 
A double circuit o f  degree 2 is the direct sum of two circuits. In a graphic matroid, 
a double circuit o f  degree 3 corresponds to a O-graph. In a graphic (in fact, a 
binary) matroid, no double circuit has degree more then 3. 

We need one more definition from matroid theory. Let (E, r) be a matroid, 
and So-_ - A c E. We say that S is in series in A if contracting A -  S, the set S becomes 
a circuit. Note that in this case, if a circuit in A contains one element of  S, then it 
contains all. 

We next prove the main theorem of  this paper, which establishes those combi- 
natorial properties of  algebraic matroids which will be used in the sequel. 

Theorem 1.3. The series reduction theorem. Let FC~ K be two algebraically closed 
fields and S c _ A c-__ K such that A is finite and S is in series in A in the matriod ~ (  K/ F). 
Then there exists a fl( K such that for each T ~  A--  S, the set TU {/3} is independent 
( f  and only ill TU S is independent, or, equivalently, TU {/3} is a circuit i f f  TU S 
is a circuit. 

ProoL I f  S is a circuit then /3= 0 satisfies the requirements, so we may assume that 
this is not the case. 

Let F ' = c l e ( A -  S). Then d ( K / F ' )  arises from ,~(K/F) by contracting the 
elements of  A -  S (but leaving them there as loops). Hence S is a circuit in d ( K / F ' )  

and so there is an irreducible polynomial p(F'[Xs] such that pIlxs=s=O. We may 
assume that at least one coefficient of  p is 1. Let L denote the algebraically closed 
field generated by the coefficients o fp .  

Claim. Let TO= A--  S. Then try (SU T ) < t r e  (T )+  IS[ i f  and only ( f  LC_ ely (T). 

Proof, For, assume first that try (SU T ) < t r v  (T )+  [SI. Then S is dependent over 
ely (T), and hence there exists and irreducible polynomial qCclv (T)[JG] such that 
qllxs=s=O. Now q remains irreducible over every extension field of  cle(T),  so 
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in particular it is irreducible over F ' .  Hence by Lemma 1.1, q=2p for some 2EF' .  
Considering the coefficient o f p  which is 1, we have 2~cle(T) and hence LC=clF(T). 

Conversely, assume that L%clF(T). Then p shows that S is algebraically 
dependent over clF(T), and hence 

trcl~(r)(S) = r ( S U T ) - r ( T )  < ISI. 

This proves the Claim. a 

Now L is an infinite field and so it cannot be covered by finitely many proper 
subfields. So there exists a 174L which is not contained in any field clp (T) such 
that L~ClF(T) ,  i.e. such that trp(SUT)=trr(T)+[S[. For this /3 and any set 
T ~  A -  S,//EclF (T) if and only if trp (S LJ T)<  tre (T)+  I SI. So T© S is indepen- 
dent if and only if TU{/3} is independent. II 

Corollary 1.4. Let FC= K be algebraically closed fields and let A ~ K be a double 
circuit of degree k in sJ(K/F). Then 

trr(fq{clF(C): C is a circuit in A}) => k - 2 .  

In particular, llf k ~ 3 then is an element 6E K -  F such that ¢5 is contained in 
the algebraic closure of every circuit in A. 

To get the Ingleton--Main Lemma from this theorem, choose two points 
from each of  e~, e~ and e~, to get a double circuit A. Then Theorem 1.3. says that 
there is an element 6 6 K -  F such that c5 is contained in all three planes spanned by 
e~ and ee, e~ and e3 and e,, and e,,  respectively. It is easy to see that 6 is then contained 
in each ofe~, e2 and e3. 

Proof of Corollary 1.4. Consider the partition A =  At(3... UAg as in Lemma 1.2. 
We have k ~ 3  by hypothesis. If ]A~[=I for all l<-i<=k then c l r (C)~A  for each 
circuit C in A and hence the assertion is obvious. Suppose that, say, lAd=>2. Now 
A~ is in series in A and hence by the Series Reduction Theorem, there is an element 
/~CK such that for each TC= A-A~,  the set TLJ {/3} is a circuit iff TUA~ is a circuit. 
Hence A'=(A-A~)U{/3} is also a double circuit of  degree k. But then, by induc- 
tion on IAI, we may assume that 

trf(N{cli :(C') :  C" is a circuit in A'}) ~ I<-2. 

However, there is a bijection between circuit in A and circuits in A' such that if C 
t ~ )  t is a circuit in A and C '  is the corresponding circuit in A ,  then clF(C)~cle(C ). 

Hence 
trr(ffl{cl~,(C): C is a circuit in A}) ~ k - 2 .  | 

We have mentioned that the rank function of  a full algebraic matroid is not 
in general modular of  the flats (algebraically closed subfields). Hence the inter- 
section U2qV of  two flats U and V looses some of the properties it enjoys in full 
linear matroids. The following result shows that a certain "quasi-intersection" can be 
defined which simulates U()V in a sense. 

Theorem 1.5. Let sJ(K/F) be a full algebraic matroid of finite rank and U and V, 
two flats in x~C(K/F). Then there exists a flat T= T(U, V)~  U such that for each flat 
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We= U, we have Tc= W (land only if  

r(wU v) - r (W) = r(UU V ) -  r(U). 

Remark. Note that in general T(U, V)c}--V. In fact, T(U', V ) ~  V if and only if  
the rank function is modular on the pair U, V, in which case T(U, V)=U~tV. 
2he property of  T stated in the theorem is also equivalent to the following: for 
each flat W ~ U, 

r ( V g W ) - r ( V )  = r(VUTUV/)-r(VLJT). 

Proof. Let B be any basis of  V, and let C~ . . . . .  C m be the circuits o f , d (K/U)  contained 
in B. For each Ca, let p~E U[Xc,] be an irreducible polynomial such that p~Nxc=c= 
=0.  Also assume that p~ has at least one coefficient which is equal to 1. Let T(U, V) 
be the algebraically closed field generated by the ccefficients of  p; . . . . .  p,,,. ~1 he proof  
that this choice of  T(U, V) satisfies the requirements in the theorem is a straight- 
forward extension of  the proof  of  the Claim in "Iheorem 1.3. i 

I f  we have any matroid in which 
(i) no flat is the union of  finitely many proper subflats; 

(ii) the assertion of  Theorem 1.5 holds, 
then also the series reduction theorem holds. 

2. Matroid matching and fullness of matroids 

Let (E, r) be a matroid and let X/{ be any family of  lines in (E, r). We shall 
write, for brevity, r(x//') instead of r ( U . ~ ) .  We say that o~'g" is a matching of lines if 
r(~/")=2I~=[. We say that X/£ is a circuit of lines if r(-Yl: ' )--21~l- 1 but r ( .Yd-e )=  
= 2 1 J t ' - e l  for every eC,~('. We say that x/[" is a double circuit ~d'lines if r(,;/K)= 
=2[x//q--2 but r(J{'--e)=2[Jg~-el--I for every eC,.,~( . 

Two coplanar lines form a circuit of  lines. ~Ihree lines which arc not coplanar 
but any two of which are coplanar form a double circuit of  lines. 

I f  Y{~ is a matching and we choose two independent elements from each line 
in x/g, then the elements chosen are independent in the matroid. I f  ~ is a circuit of  
lines, and we choose two independent elements from each line in ~: ,  then the elements 
chosen form a set H with r ( H ) =  ] H I -  1. (If  ~t ~ consists of  two lines intersecting in a 
point and the common point is chosen fi'om both lines then we assume that this 
element occurs with multiplicity larger than one, and that different elements of  the 
intersection point of  the two lines are chosen as representatives). Hence H contains 
a unique circuit C. It is clear that C contains at least one point fi'om each of  the 
lines. 

I f  .y'g is a double circuit of  lines, and we choose two independent elements 
fi'om each line in 2/t', then the set H of elements chosen satisfies r ( H J = 2 ] H I - 2 .  
Hence in contains a unique double circuit A. Let A=AIU.. .  UAk be the canonical 
partition of  this double circuit. It is easy to see that each line in .~  contains at least 
one point fi'om A, but if it contains two then these belong to the same class A~. 
Hence .2/g~={eEJ{': ef3Ai#O} defines a partition X/t'=,X/t'IU...U~'k of  X/{~. The 
sets Yt°- ,~i  are circuits of  lines. We call y't" triHal if  k = 2  and nontrivial if  k=>3. 
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The matroid matching problem is the following: given a family ,X e of lines in 
a matroid (E, r), find a maximum cardinality subfamily which forms a matching. 
In (Lovfisz [5]) the following was proved: if v(~Y) denotes the maxinmm cardinality 
of  a matching in J¢', if A C E  is any flat in (E, r) and { ~ t  . . . . .  J./'~} is any partition 
of  .~/, then 

( . )  v(2~") ~ r(A)+ ~ [ r(U°~iUA)-r(A)]  
i=~ 2- 1" 

Let ~ ( ~ )  denote the minimum of  the right hand side here, taken over all flats A and 
all partitions { , ~ ,  ..., ,o~k} of  2,ft. We do not always have ~7 (~f) = v ( ,~);  for example, 
let ~ consist of  all lines in an affine space parallel to a given line. But if we embed 
the affine space into a projective space by adding elements at infinity, then the choice 
A =  {common point at infinity of  the given lines} and {Jt~ . . . . .  g¢'k}= {partition of  
Jg into singletons} gives equality in (-,). We do not know whether every matroidcan 
be embedded into one in which v(J{')= 9(o~g) for a given family ) f  of  lines in the 
original matroid. 

In [5] it was proved that ~,(,~f~)= ?(~¢') holds for any family of  lines in a projec- 
tive space. The somewhat more transparent proof  in [6] in fact shows more: 

Theorem 2.1. I f  for every contraction (E, r') of  (E, r), and for every non-trivial double 
circuit ~ of  lines in (E', r') there is a point p ( E '  which is contained in the closure of  
every circuit cgc=~, then v ( 0 ~ ) = ~ ( ~ )  for every collection ~ of  lines in (E, r). | 

We have mentioned several properties of  matroids which all are connected 
to "fullness" in some sense. Let us introduce them formally. 

Let us say that a matroid (E, r) has the series reduction property if for" all 
SC_AC_E such that A is finite and S is in series in A, there is an element /3CE 
such that for each T ~  A -  S, the set TL) S is a circuit iff TU {/3} is a circuit. We 
shall also need weaker versions of  this property: we say that (E, 1') has the weak 
series reduction property if the above holds for all SG A ~ E  such that in addition 
A - S  induces a connected matroid. We have proved that full algebraic matroids 
have the series reduction property. The polygon matroid of  a complete graph, 
with all edges with infinite multiplicity, on the other hand, has the weak series re- 
duction property but not the stronger one. In fact, if S consists of  two edges which 
form a cut in A but are not consecutive, then no/3 with the desired properties exists. 
(We shall call the polygon matroid of  a complete graph with all edges with infinite 
multiplicity a full  graphic matroid.) 

The linear independence matroid of  a lineal" space over a skew field, which 
we call a full linear matroid, also has the series reduction property, even in the stron- 
ger sense. This follows easily from the fact that its flat lattice is modular. 

We mention one more matroid with the weak series reduction property. Let 
V be a finite set and let E consists of  infinitely many copies of each subset of  V. 
Define a matroid on E by letting a set X~=E be independent iff X has a system of  
distinct representatives. Note that this is a transversal matroid; we have, however, 
interchanged "sets" and "elements" relative to the usual definition. We call the 
resulting matroid (E, r) the full transversal matroid of rank I SI. 
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Lemma 2.2. Every full transversal matroid has the weak series reduction property. 

Proof. Let us remark first that the rank function of a transversal matroid as defined 
above is given by the well-known formula 

(1) r(A) = min {IUXI+IA-XI}. 
XC=A 

I fA  has no coloop, i.e. if r(A-x)=r(A)  for all xEA then we in fact have 

(2) r (A) = IUAI ;  

for, i f X  is the set providing the minimum in (1) and X~A then for any x E A - X  
we have 

r (A-x)  ~ IUXI+IA-x-XI  = r ( A ) - l ,  

i .e .  x is a coloop of  A .  
Now let S ~ _ A ~ E, S in series in A and A -  S connected. Then by (2), 

and 
IUAI = r(A) 

I U ( A - S ) I  = r(A-S). 

Since S is in series in A, we have 

I S l - 1  = r K A ) I r ( A - S )  = I U A I - - i U ( A - S ) I  = I U S - U ( A - S ) I .  

Let f l E ( U ( A - S ) ) N ( U S ) .  We claim that fl satisfies the requirements of  the series 
reduction property. For, let T ~ A - S  and assume that TLJS is a circuit. Then 
by (2) again, 

I U ( T U S ) I  = r ( T U S )  = I T U S I - 1 .  
On the other hand, 

I U ( T U S ) I  e I U S - / ~ I + I U T I  --> I S l - l + l T I  = I T U S I - 1 .  

Hence IUTI=ITI  and flEU • I . { /~})[=IUTI= T So U(TU ITI=ITU{/3} l -  I, i.e. 
TU{fl} is dependent. On the other hand, if T ' c T  then SUT" is independent 
and hence I U ( S U T ' ) I - ~ I S I + I T ' I .  But we have 

and so 
IU(S UT') I  ~ IUS- /31+I (UT ' )U/~I  = I X l - l + l ( U r ' ) U / ~ l  

I(U r ' )U/~ l  ~ I f ' l + 1  = Ir 'U{/~}] .  

This proves that TU {fl} is a circuit. 
The converse implication follows by the same argument as used in the proof  

of  Theorem 1.3. II 

Let us say that a matroid (E, r) has the double circuit property if  for every 
double circuit A C E  of  degree k, there are k - 2  independent points Pl . . . .  ,Pk-2 
in E contained in the closure of  each circuit in A. 

We say that (E, r) has the matching proper O, if v(Jt°)= i7(~,~) holds for every 
collection Jt ° of  lines in (E, r). 
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Lemma 2.3. The weak and strong series reduction properties, and the double circuit 
property are preserved under contraction. I 

The proof  is routine and is omitted. 

Then we can easily prove the following theorem. 

Theorem 2.4. 
(a) l f  a matroid has the weak series reduction property, then it has the double 

circuit property. 
(b) I f  a matroid has the double circuit property, then it has the matching pro- 

perty. 

Proof. (a). This follows by the same proof  as Corollary 1.4. 

(b) It suffices to show, by Theorem 2,1, that if  ~ is any non-trivial double 
circuit of  lines in a matroid (E, r) with the double cirucit property, then there exists 
an element contained in the closure of  every circuit of  lines in ~f. Let us choose two 
independent elements from each line in ~ and let A be the unique double circuit 
contained in the set of  elements chosen. Since ~ is non-trivial, A has degree k=>3 
and hence by the double circuit property, there is a point p in (E, r) contained in the 
closure of  each circuit in A. But the closure of  each circuit in N contains a circuit 
in A and hence also contains p. Ha 

Corollary 2.5. Full algebraic matroids, full linear matroids, full graphic matroid~ and 
full transversal matroids have the matching property. 1 

Let us remark that the fact that the matroid matching problem can be solved 
easier for graphic and transversal matroids was noted earlier (Lov~sz [6], Po Tong, 
Lawler and Vazirani [8]). Both of  these classes are of  course representable over, say, 
the rational field as linear matroids. This means that they can be embedded in a full 
linear matroid, which has the matching property and hence a rain--max formula 
for the maximum size of  a matching can be derived. This, however, involves a linear 
subspace ranging through all linear subspaces of  the full linear matroid. The preced- 
ing corollary says that we may restrict ourselves to subspaces of the full graphic and 
transversal matroid, respectively. 

We conclude with couching the matroid matching theorem for algebraic 
matroids in a more algebraic form. 

Corollary 2.6. Let FC=K be two fields and let ~ ,  f l l  . . . . .  O~n, [3, be elements in Ksuch 
that t r r  {~i, [3~} = 2 for all i. Then the maximum number of  pairs (cq, [3i) whose union 
is algebraically independent o~er F is given by the minimum of  the expression 

trF(F")-~- j=~I~Z --trF'( U{{@i, fli}: i~ ]j})] 

where F '  ranges over all extensions o f  F in K and {I1 . . . . .  lk}, over all partit ions o f  
{l . . . . .  , , } .  I 
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